PARAMETRISED MODULI SPACES OF SURFACES
AS _INFINITE LOOP SPACES

(w'em Andrea Biondhi Copmhqgm)
and Ys Rekdd, Manster

M Shing_and the claim

De): Lab 37/0 and n21i. A a‘gﬁug;‘-l},pc Zan looks Like 4nis:
@ “? %m“s S
= J e n boundary cures

Fix suh o surface S of tye Zg and
define the mopping dass greup

rs,n = RQU‘“’; (S)
Y

. . g on-pres. difkeo
{\Q-S—'S, Ylas= S

Rnk: One model for By, is e moduli spoce

- Riomann surfaces S of ype Tg
'MM + parometvisalion  l4,..,n}»S' 28 /~=’

Gonshes The wion M, = LMy, s an Ecalgcbra by

@ Cebanpimer 150

Hence we con form the 4-fold bar conduchon BM,,

Hee a miracle hoppens:
NBM,, = O°MISOE)  (Madsn—Weiss 2007)
i oot
Thom specivum

This was the key input for the prock of dne Mumford conjechme

H*(rco,t "Q) 2 Rlxx,.] Ixl=2

Our quesion: Fix a space X. Then e space of Zgy-burdles over X
can be destribed as the mopping space

'm;“ = mqp(x, 'ms,,,) *parametvised”

Moesver, MZ, = L w3 s again an Eyalgebra

930

b5 pondwise ackion
~ What s ORM, %

Thm (Biondi-K-Reinhold): There is a space CiX) such Hhat

OB M}, ~ (°MTSOQ) x N®EPCK)

Rest of the falk: Sketch a. proof and describe C(X) for X=S"

) g ingredient 1/2.: Cendralisers of mapping classes

Rmk: Sice Mgy = By,
A, = LlAsr, = Ll L B2(eF)

30 [gcomily)

Gorglr: et S be of 4y Zyy ond k& @el(S)=1g,.
Then thae is a maximal siosurfoce WeS she

38w
* W is comneded

W
"4l = e’

Andher dlass oy € T(S) commutes uin ¢ it and only ig:

@ '\V:’"\Vw l,;.!-u( e 4 )
® Commaltes with nside. 75 (%)

Gr:  We have a group epimorphism

Fassing 1o Classifying spaces

Bi(‘f» M) = miw) S AN ﬁ

=1

Summing over all  amjugacy classes fy)

w1 AC) x T )

30 \ ko k! T 46, =4

-
——

This Looks like a “frea olgtora’
ower C, for an operad WM,

[B] An optradic wulation

Def: Lot N ¢ a sd. An N-coloured operad isacolkckmof'optm\\‘onquczs'

o)

An Q-olgova is o Py A=(Ap),, togeher uith maps

e,(h....,kr) x -ﬁ- A, — A

n =4 . n

Bl Tor tath operad O, the fownily () ey J
is the inikial O-algtbra.

Eg:  (Tillmann 2000: Coloured surface. opwod .M)
N=4423,.] and eg

@) e

The oprodic Shuchur, s dehned as follows:

@ Idenhities
4 n
1 _—
- n
1, ¢ ()
= —
4 2 b 19
= = S
a 2 &, ,‘géc‘:
S =
S O S~ St
T Y g T
R
2 4 2,4 424
b 2 2

Conshi: Thue s a suooprad R given by fwised tpi
RE) = Tas,
and RE>M by pormiting and votating  9-curves
e T -
T
R is just Q sequnce of compadt Lie groups and

o* >
[Reas] = [ 5 A

Gondt: # P<>© is a sioperad, then we hawe on adjunciion

[P-alg] —— [6-alg] :UG

Rmk: The above result says: for , we have

Am,, = FL(),

(] Proof ingredient zb. Operads il homological Stedlity

General problem: Foc “nice” N-colured operods © containing a family %=(GQMN
of goups, and a @-olgbva Z, desoroe Q.BF%G‘_)“

~> Sucdh an operad O ot leask neds 4o know
how fo group Complee each level of s o&gdoms!

Def: An N-coloured optrad ov&r D, is a map

i D,eN — &
———

one copy of the
\itle 2-discs operad
for each colour neN.

This gives O a lot of extva shucture:

® i A=(A.)., is an O-clgebra, then each A, is an E,-algebra.

- Wo(An) 15 on abelian monoid,
- we can consider QOBA,

® For each colowr neN, we have an operation
0, = (Oen) eofy)
These can be used +o cap inputs:

wp: Ok — o(y)

1 r 0
\/ k\-./okf
S

Bo: M is an oprad over D), by
(@e3) - &y &y &y e oafy)

Cupp’mg nputs looks like this

(e é) o e A
cap =

Gonsiv: Lot & be on N-coloured operad ovor Dy such Hhot
eoch W ®(n) is firildy genevaled

o Choose o brdle guwroing sd EnS ToSfp)
defve e,:= eée and choose o propagator

* Fix o binayy operation 09 e D,(2). Then we gd a

G’(k"';'k') o k.,...,k,)

n

L ‘\... /'
\l“/ —_ t‘\ y
|
\(I@n)

Bol: b hove ‘M(1) =5|;|;,"“3.|, o TH()FN. Pick

o) o) o)

o(.) &) S)

O is colad cprad with_homoloienl shodildy (O4S) it hoeslio (V)
is a H,-eguivalence fx wdh k,,.,k,neN.

Bol: M is an OHS (esentially Harer 1335)

Thm:  (Basterra - Bobkova~Ponto— Tillmann - Yeakel %1%, 8-K-R.)
If & is an N-coloured OHS and G =(6), e &
s o fomily of compadt Lie qoups, hen for each G-aly Z=(E) ey’

08 F@, = QBo() x TES(LL 2/e,)

Now uie have ewsyhing togelher:

QB M, = Q8 F(0),
= QB M)« Q2 WO /g
='W\"‘I

R’

Q®MTS0[) * (°F%





