INTRODUCTION TO MODEL CATEGORIES

[0 Motivalon and firsk dafindions

.W _ Cateypy wif o nekion o}
Treony "(wesk) eguivalence , whidn
i mk:?-k\m isomevphism
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B o« Topological spaces Top,
* Simgliciol. sets sSt,
» Posiwe chain cpx  ChY
* Small calespries Gak .
Goal: Understand. “dojects up 4o equ'wo.\m:"

~ Make weak 2g. isos by odding formal, inverscs.

Canshy: (Homotopy caleqory) Lek WS Mor(e) a class o} morphisms.
Dafire: the howclopy oo, Ho(e) = €[w');
* objedts: objects of ©
s moph: X —ye—Pei—e—De ._yy/f_,_J*
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whut —> morgh in € e

¥,

R 222
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The cavonical fy: € — Ro(e) sadisfies:
e For wewW, /‘(w) iso,

e For F:e—>D with Fw iso’udlwe\r,

F
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"l ."I...
‘h(f.)‘ I'F
Bod: Ho(®) very lage! (in govral not Lscally small)
=5 Ned buks desoriphion.
=5 Nod wore infovnakion obwt €.

iden.: nhoduce. two .Fur“\u‘ classes 0‘. ma@\ [ &)
€} = cformbons  (“mice injeckuns’)
fib = fbrations (vice. surjeokions”)

Whidh tehove nicely unt. equivalencas. These. WAL
give v fu classes of “nice” dojects :

* oforant chjeds (B-vXx ofb),
* fibrovt  dgeds (x—>e )

ad i Wil b eager o understand them up-hq\iw.

Ex: In our sxawmples, we will have
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sh. da= id, and bb= idy

o4 A fudviol fodeislizn is o i of fundes
oL, bt Mev() — Mo (9)

sudn that dor all F:X—Y e have

U\, s(ﬂﬁm

dom Pl = dem ()

) (Lting proputy) Conides

it A—/B
& XxX—Y

% for tadh sare, the following Life ndes
A——)ax
Ll
B>,

then say that:

« i LLP wt. p
* p RLP wet. i

Bel: 1) T W inkal ok g, then

B projective <= F—>B hap LLP
wrt. eodn epl X —» Y

Daf: (Modd cdegoies) A wedd Sndwe & € &:
o Twer full subrcoleqontd of tec(e)
W o, T
« Too Juncoiol fockoisains (L8) ond (<),
Such vt Hht floatng holds:

@ Gl Rudwer

Wat] il e
WoTb  “4iel flrdon’

Toon Jor adh  §: XY, we b
w(§) odibr. «(§) Aav. oofbr.
pE Nefi B fr

® -out-of-3* Consides
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Ten L o o 15,3,95} e ek
ayuivlence | S is the 37,

@ W, e, T ae dued unde sedvocks.

® Likwy
o Cokbr.  have L1P wnt. -Wv. fibr
o Twr. Gofov. howe LLP wt. fibr.

A wwodd caleqoy IS @ (o) complele.  coleypry
wih o wedd Sachae.
Rk Twis difinition © stl-duod: § € wedel
ook, thon €% is woded cod Wi
wWe?) = wey?
Gt (e = Fe(QT
Fo(e?) = GHE)T
Lom: (Refvock oxguwent): Assume

X_*_yz

N7

HEN: § WPt p=> § vvod of i

Cor: (Aiom #) Lk € wodd of. Then

§ okl = § WP wit. ddv. for.

Co: Uk T waodd cof.
® lso% WGl Rb
@ Considss

x——)X‘
¥ ¢
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Then we haxe

§ oo = §' code

® ol o Fb e dosed undue Composibion.

Dyf: Lk € wodel Cot,
* X gfrod: g —>X oot
e X Koont: X— fr
* X bfuent: ok

Govsde: Lad €perer bn e full Subests of Cobbr/Rbr/biffer . ojedis.
* Have inhedied nolions of wealk 2guivalence on them,
o Hove wclusions which presuve weok fguivalonces:

L
Conglr: Have fmdwiol foctwisalion
P —

Zon

ax

Thus, we o o cofiract wplocerent
Q: e—¢€,

/'w..l.udnb,‘bemq.
Jogeier with o not. o’

b! ngQ g 1‘
wsp. (b: Qe jo = Ae,

B The Womolopy cacdry

Plan: Use Fhe developed theory fo gwe an
ensier destripion of Wo(€)= ‘e[w-)
Fop: We have equvolnces Of aalegenes:

Wo (€y) == Ho(C,)

A

Ho(L,) ———>Ho(t)

Mden: Gire o wwowe 3
definition o(.mf\\:(e,_,),

Def: € wodd colegory.
o Tor X€C, a gyinder is * Tor Y €€, a path cbject is
v A
XuX — 3 X Y —— IxY
N x \w\'/t.llr.
Suda Tnal Such that:

o uiy XuX — IR gg‘.{\, o Prpu: WY—>YxY %.
* S IXEX weske t5pay. o ¢t Y— WY weak equiv,
(owoys wisis) (olwoys weists )

o For XE2Y, o ut oy s | For X 53, @ il bemsiors

xux——»’"’/v X =135 guy
iy H K x

N, S
wie $Lq € 3H Wwle $og W AK

low: WX X=3) end Y E. Ten
fheg=Wfdhg

W heh:IX— 2 D

i X cofibrant, then on TKYN):
& is an quivalence relation.
& implies .

Lown:
®
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Consle: 1§ X cooront ond V forank | we howe
o unigut Wy, rdalion and we st

oY) = TN/
Consic: On C,;, baing humotopic. is Compotible
with composition, ie.
LM« L) —— T(xD)

E’\i] * [X,‘I] ------- > [xtl]

Thus, we dtain o guolient caleqery

Dak: £2X—*7 in B is called Wy g @
Ag:¥—+X: 9f~idy w0 $q -~ Wy

Tewen: (uh'khmd) Tox wops among bilred cbjects:
humohpy 9§ . €= Weak Qaudalence .

Top: S‘tgs_’t¢§/~ Wos the u.P. o} Ho(C,y).

Cor: (Fundawuntol fiwsrem for wedd Cﬂksm)
® We hove an eguivalone of codespins
Ho() e’ Mel€s) = Ty/l,

@ We Wowe nolurol bijeckions
[aRx SKT) ¥ Hole)(xy) & [RaX, RQY)

@& Quillen adjunckions [o.gum\mczs

Idea: The “correct’ mofion of morphism  betwean  wodel,
caleaovies  should induce worphismns  behwean
e hometopy colegodep .
~ Cleasly FW)e W' would suffice.,

b ohen, this | Hoo wuth do osk for.

~* bl con do beller fhan that
by demonding less.

Tad: Lak €, D model cofs. A funddor
F:e—>D is cald W) Quikn if:

* Fis bt odpint

o F presuaves co forolins .
Top: Given an odjundion  F: T+ 0: U 4

{lowdrq ase. eguivolent:

® F Wit Quien,

@ u v'\sk\' Quillen,

Thn cll  (F,0) Quilen pair.

Lo (Ren Brown) et F:e—D Le Lt Quillen
ond §: X7 weh v, betweun  (co forant ey

=> Ff wek yuivolonce

Congk: Lt € and D \e wodel cals.
DY Fe—D 5 Uk Gulken, ddine #w
ool B deived Sonckor

F
e 2 y» Ce *D

LF: Holg) - - - Ho(€) - - = > Ro(0)

@Y W:D—L s right Quilen, define Hre
Jokol right dedved fonckor

u

RU: HolD)---~ “°(D‘)‘ = =2 Ro(e)

B lak R oooom wng, M Rewed. Censider

proy. ms. . m.s.

\ \
Femg-: at — ol

* in quroral, Fodees vob presuve quasiisos:.

C.= ~—~o—r0—0 >0 —»

oLl

= "R E—,—o

Then H(f iso (HL=HD=0),but F,@F is wt:
(3 ®D) = &, +0 = H,(3,6C)

® Howewer, F s Lt Quiten:
= Fis Ul odjgint Yo Homg(n),
- Wt §:C—D be o cfbration wrt. the proj. ms.
leheiSe P  moniC
: :es wwnicw ¥ m&s
=) MO§ ofibration .
=% § oddiforelly quasiiso, then dJso M®S guasiiso:

e We have
c—>0

S F18 = cotioration
D —rcoker(f)

e’

o By LES in W, coker(§) aeydlic &F O
=b i Mvial cofiration Mol Cofilr.
=i UP wh. Lorations (= eps)
=5 colur(f) projective dject in CH'
=% cokes(§) spit wack

* Since ¥ presewves cokurvils and chein hometopies:

comar(MO®F) aeydic

By LES n H we et thak MO guasiiso J

o Con consider s lefh deived fundor
LF: Ho(Oh) — Ho(ch)

Since WS wies omsiucled by cofbrant rplacement:
R-Med — Ho(Qh) . Hol0) —2s RMod
N—— N ——+MOPN — H,(HOQN)

Projecive. resSoluion

is st Torg(M;) = LF.

lem: Lok F: Ce=>D:U be o Quiken poir.

= Hove doived odjundion
LF: Ho(€) «—rWolP) : RU

DY: A Quilkn poir Fi€¢>D:U is colled
Quitlen wuivalonce, it the devived odjunciion

LF: Ho(e) & Ho(p): RU
is an wuivolence. o} calenenes.

B /Outlook: W fhe model Sluchures meationed okove,
B0k we uill ser that the odjunction

1] sSet +——> Top : Sing

is & Guillen tqn\volw.e,

=3 ”'E‘p and sSet have the
Same  homotopy ﬂ\m\j’



